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Abstract 

The positive zeros of [2|1], [112] and the most general possible [2|2] Pade approximants whose 
Maclaurin series reproduce the presently known terms in the three-flavour [uf = 3) QCD (3- function 
are all shown to correspond to ultraviolet fixed points. 
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Higher order terms of the QCD /3-function 

^2 cf^ = P{x), (la) 



P{x) = -Y,(3y+\ (lb) 

i=0 

[x = as(/i)/7r] arc known to permit the occurrence of fixed points other than the ultraviolet fixed point 
at X = 0; e.g. the positive infrared fixed point (IRFP) which occurs for 9 < nj < 16 when the series for 
I3{x) in (1) is truncated after two terms [/?o = (ll-2ri//3)/4; (3i = (102-38n//3)/16; x^^^p = -Pq/Pi]. 
However, the fixed points arising from such truncation are hkely to be spurious, as the candidate- value for 
^iRFP sufficiently large for the highest-order term in the series Pixj^pp) to be comparable in magnitude 
to lower order terms [e.g. \l3ix^\ = \j3QX^\]. In a recent paper [1], Ellis, Karliner and Samuel predicted the 
coefficient /^s via Pade approximant methods, and argued that /3o-2 and their prediction for (3^ yield a 
Pade summation of the /3-function [by which the infinite series in (lb) is not truncated,but matched to an 
appropriately chosen Pade approximant] with a nonzero IRFP that is consistent with an earlier prediction 
by Mattingly and Stevenson [2]. Such Pade summations provide a more accurate representation of the 
full beta function by estimating the summation of the (unknown) higher-order terms [3] . 

In the present letter, we study the zeros of Pade-approximant summations of the n/ = 3 /3-function 
that are consistent with the (now fully-known [4]) coefficients /3o-3- In particular, we consider the explicit 
[2|1] and [1|2] Pade approximants, as well as the most general possible [2|2] approximant, whose Maclaurin 
expansions reproduce /3o-3- In each case, we find that the positive zeros of the Pade approximant 
correspond to ultraviolet fixed points and not to infrared fixed points. 

The known coefficients of the = 3 /^-function can be expressed as follows [4]: 

[3{x) = -(9xV4)[l + Rix + R2X^ + Rsx^ + R^x^ + .], (2) 

with Ri = 16/9, i?2 = 4.471065, R^ = 20.99027. i?4 and subsequent terms arc not presently known. The 
[2|1] Pade approximant that successfully matches the first four terms in the series (2) is (1 — 2.91691x — 
3.87504x^)/(l — 4.69468a;). The only positive numerator root is at x = 0.2559. This fixed point, however, 
is separated from the /^-function's ultraviolet fixed point (UVFP) at x = by a smaller positive zero 
of the denominator (x = 0.2130). Consequently, if one uses the [2|1] approximant to represent the (3- 
function (2), one finds that the /3-function has negative slope as one approaches x = 0.2559 from above, 
and positive slope as one approaches x = 0.2559 from below. This behaviour characterizes 0.2559 as an 
UVFP. 

Such behaviour — specifically, a positive zero of the denominator that is less than the first positive 
zero of the numerator — characterizes the [1|2] Pade approximant as well: (1 — 8.17337x)/(l — 9.95115x + 
13.2199x^). The numerator zero at x = 0.1223 is separated from the x = UVFP by a denominator zero 
at X = 0.1194. Thus the zero of the [1|2] Pade approximant that matches the known terms of the series 
in (2) again corresponds to a UVFP of the /3-function (2). 

The i?4 term of the series (2) can be estimated using an algorithm [5] based upon the asymptotic 
error formula [1,6] relating the value Rn+2 to the predicted value -R^^2 obtained from expanding an 
[N\l] Pade approximant into a Maclaurin series: 

_ ^^^+2 - Rn+2 _ -A 
•^^^^ = R^2 " [N + l + ia + b)y 
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Using a [0|1] approximant, one finds that S2 = — i?2)/^2 = —A/[l+{a+b)]. Using a [1|1] approximant, 
one finds tliat 5-^ = (R^/R2 — R3)/Rs = —A/[2 + (a + b)]. Since i?i.2,3 are known, these two relations 
determine the two unknowns A and (a + 6). One can estimate the unknown coefficient R4 by applying 
(3) to the [2|1] approximant: 

_ R3/R2 _ ^1(^2 + R1R2R3 - '^RfRs) / 
^~ l + Si ~ R2{2Rl - R\R3 - RlRl) ' ^ ' 

For the Uf = 3 values of i?i,2,3 given above, we find R4 = —849.7. 

Using these numbers, the polynomial 1 + Rix + R2X^ + R^x"^ + R^x'^ does have a positive zero which 
can be identified with a /3-function IRFP at a; = 0.2143 (a^ = 0.673), provided we accept a degree-4 
truncation of the series in (2). Such an IRFP [analogous to the naive IRFP x = —Pi/Po described at the 
beginning of this letter] is of questionable validity because of the large magnitude of the dominant R4x'^ 
term immediately preceding truncation [7]. 

Such truncation difficulties are averted if the known coefficients Ri,2,3 and the estimated coefficient 
R4 are utilized to generate a [2|1] Pade approximant that reproduces 1 + Rix + R2X^ + R^x^ + R^x^ 
as the first five terms of its infinite Maclaurin series. This approximant, (1 + 94.383a; — 75.605x^)/(l + 
92.606x — 244. 71x^), has one positive numerator-zero {x = 1.259), which is found to be larger than the 
only positive denominator-zero (x = 0.3889). Consequently, the positive zero of the [2|2] approximant 
generated via the estimate (4) for R4 once again corresponds to a UVFP of the /3-function (2). 

Surprisingly, this correspondence holds even if we discard (4) entirely and develop a general [2|2] Pade 
approximant whose i?4 dependence is explicit [8]. Using i?i-3 appropriate for the = 3 function, one 
finds the most general [2|2] approximant whose Maclaurin series reproduces l+Rix + R2X^ + R3X^ + R4x'^ 
withi24 arbitrary to be {l+aix+a2X^) / {l+hix+h2x'^), such that ai = 7.1945-0.10261i24, 02 = -11.329-F 
0.075643i?4, hi = 5.4168 - 0.10261i?4, ^'2 = -25^430 + 0.25806i?4- The nu merator a nd denominator zeros 
are (respectively) denoted by x± = {-ai±^a\ — 4a2)/2a2, y± = {—bi^^b\ — 462)/262. For i?4 < 98.54, 
both 02 and 62 are negative, in which case x_ and y_ are positive, and xj^ and y+ are negative. Fig. 1 
shows that < y_ < x_ through this range, in which case the positive root x_ necessarily corresponds to 
a UVFP. For R^ between 98.54 and 149.76, x_, y+ and y_ are all positive (x_|_ is negative). Noting that 

> ?/_ in this range, one finds that the numerator zero can be an IRFP if either y+ > y_ > a;_ > 0, 
or x_ > y+ > ?/_ > 0. Neither of these sets of inequalities is upheld over this range of R^. Instead 
y+ > x_ > y_ > [Fig. 1], consistent with x_ corresponding to a UVFP of the function. Finally, if 
Ri > 149.76, we see that x_|_ > x_ > and y+ > y- > 0. However, these four positive roots are seen to 
satisfy a;+ > > x_ > ?/_ > [Fig. 1], consistent with identifying both zeros of the Pade-approximant 
numerator with UVFP's of the rij = 3 /3-function. Corresponding behaviour of the coupling constant is 
heuristically presented in Fig 2. This same behaviour has already been shown to characterize the exact 
P function for SUSY gluodynamics [10]. 

Thus, no matter what P4 (= PoR^) is eventually found to be, the [2|2] Pade approximant whose 
Maclaurin expansion matches the /3o-.i terms of the /9-function will not support the existence of any 
positive IRFPs; zeros of this approximant all correspond to UVFPs. As is evident from Fig. 2, the 
structure of the [2|2] approximant to the /3-function (2) decouples the IR-region entirely from coupling- 
constant evolution between UVFPs — i.e. if x is between zero and x_, /x cannot be smaller than iJ,{y-). 
Finally we note that the existence of a UVFP different from zero [necessarily leading to a double- valued 
function for as{iJ,)] could indicate an additional strong-coupling phase of QCD at short distances [9], with 
possible implications for dynamical electroweak symmetry breaking. QCD may conceivably furnish its 
own technicolour. 
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Figure Captions: 

Figure 1: Relative size of eq.(4)'s numerator zeros x± and denominator zeros y±, expressed as functions 
of the horizontal-axis variable R^. x- approaches y- from above for large positive values of R^. 

Figure 2: Schematic behaviour of x{ijl) obtained from use of the [2|2] Pade approximant for x+ > 
> X- > y- > 0. x+ and x- are numerator zeros corresponding to UVFP's. Corresponding 
behaviour of (positive) x{^) when .x_ > y_ > with both negative (see Fig. 1) is obtained 

by excising the middle branch of the above figure. The value of jJL when x = y_, the first zero of 
the Pade-denominator, is denoted by lJi{y-)- 
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